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We investigate the effect of the narrow electronic minibands of periodic one-dimensional stacks of disk-
shaped InAs quantum dots �QDs� in GaAs on their electronic transport characteristics by employing an
empirical tight-binding calculation and a continuum model of the electronic structure. Our model includes both
the minibands and the continuum of the host conduction band. The rate of the electron-acoustic-phonon
scattering is found using Boltzmann’s semiclassical transport theory. The electric conductivity, the Seebeck
coefficient and the thermoelectric figure-of-merit for n-doped QD arrays are then analyzed as a function of the
donor concentration and temperature. For QDs several nanometers in height, the figure-of-merit at tempera-
tures below 100 K as a function of doping is richly structured, reflecting the miniband electron energy
spectrum of a QD stack. Certain windows of concentration are revealed, where QD arrays display a geometry-
controlled enhanced efficiency as thermoelectric converters. For optimizing the peak values of the figure-of-
merit attainable for donor concentrations within the experimentally accessible range, a very thin spacer layer
between the QDs ��5 nm� is found to be most suitable. Assuming that the lattice thermal conductivity can be
reduced below 0.5 W / �m K�, a figure-of-merit larger than 2 appears within reach.
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I. INTRODUCTION

The use of nanostructured materials as a way to enhance
thermoelectric properties has acquired increasing interest in
recent years. In contrast to the bulk materials conventionally
used in thermoelectrics, which are often difficult to synthe-
size in a controlled way due to their complex crystal struc-
ture, the technology for fabricating nanocomposites of stan-
dard semiconductors, such as Si, Ge, InAs, or GaAs, has
matured. Hence, such structures offer new possibilities for
the design of thermoelectric devices with an improved effi-
ciency by exploiting the quantum confinement of electrons
and phonons on the nanoscale. Proposals of quantum-
confined structures �quantum wells and quantum wires� with
the goal of obtaining a high figure-of-merit from nonconven-
tional thermoelectric materials date back to 1993.1 Nano-
structuring of materials has proven particularly helpful in
reducing the thermal conductivity �that enters in the denomi-
nator in the thermoelectric figure-of-merit ZT�. This is
mostly due to the interfaces in a composite material acting as
thermal barriers.

Here, we are addressing the question how semiconductor
nanostructures could be used to enhance the electronic trans-
port coefficients that enter the figure-of-merit. From thermo-
dynamic arguments, it has been shown that the thermoelec-
tric efficiency is maximum if the carrier transport is
isentropic.2 A narrow distribution of the energy of the carri-
ers participating in the transport process was shown to be
crucial for achieving this goal.3 In particular, tailoring the
electronic density of states in the vicinity of the Fermi level
can increase the thermopower. Motivated by these consider-
ations, quantum dot �QD� crystalline arrays �superlattices�
embedded in a wide-gap host material appear to be promis-
ing: The narrow features in the density of states due to qua-
siconfined electronic states could considerably modify the
thermoelectric properties compared to the host material. It

was shown recently that the electron thermoelectric tunnel-
ing coefficients of a single QD weakly coupled to two elec-
tron reservoirs can be significantly affected by its electron
energy spectrum.4 However, as indicated in Ref. 5, “quantum
confinement effects, if present, would be limited to the QDs
themselves and this would not explain why the ZT of the
total composite is enhanced.”

For practically important one-dimensional �1D� �see Ref.
6�, two-dimensional �2D�, and three-dimensional �3D� �see
Refs. 7 and 8� QD crystalline arrays �superlattices�, strong
coupling between QDs leads to formation of extended mini-
bands instead of localized QD states. Extended states in
minibands can be formed even in the presence of disorder as
long as the bandwidth due to wave function overlap exceeds
the total broadening, which is mainly due to the disorder
�inhomogeneous broadening�. Miniband formation in a
p-type superlattice of Ge QDs in Si is theoretically shown to
provide enhancement of the thermoelectric figure-of-merit.8

Feasibility of the improvement of the thermoelectric charac-
teristics has been experimentally studied in PbSeTe-based
QD superlattice structures; the quantitative data on the
achievable values of ZT are still an open issue �cp. Ref. 9
with Ref. 10�. Of special importance is the possibility to
achieve a simultaneous increase in the thermoelectric power
factor �S2 �where � is the electric conductivity and S is the
Seebeck coefficient� and a decrease in the thermal conduc-
tivity in the same nanocomposite sample.11 Recently, en-
hanced values of thermoelectric figure-of-merit were
achieved in nanostructured p-type BiSbTe12 and SiGe13 al-
loys. Control of thermal conductivity down to the
sub-1 W m−1 K−1 range at the nanoscale via individual pho-
non scattering barriers has been achieved in multilayered
Ge/Si QD arrays with as little as 5 barriers.14

Recent theoretical efforts are aimed at clarification of
mechanisms underlying the enhancement of the thermoelec-
tric efficiency for nanocomposites. Transport properties of
QD crystalline arrays studied with dynamical mean-field
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theory15 indicate that the material is metallic with a large
thermopower. The calculation based on a self-consistent so-
lution of the Schrödinger and Poisson equations in Ref. 16
suggests that the incorporation of InAs QD chains into a
GaAs matrix can increase its thermoelectric power factor by
a factor of 3. An enhancement of the thermoelectric power
factor in InGaAlAs semiconductors with metallic nanoinclu-
sions of ErAs at high doping concentrations has been ana-
lyzed within the partial-wave technique and the relaxation
time approximation.17,18

Moreover, experimental progress in the quantitative char-
acterization of QDs as elements for thermoelectric devices
has been made by evaluating the temperature-dependent
thermopower in GaAs/AlGaAs QDs19 and a temperature dif-
ferential across a QD.20,21 Another technique, based on the
detection of magnetoconductance fluctuations, provides ex-
perimental evidence for hybridization of electron wave func-
tions in Ga0.25In0.75As / InP QD arrays.22 It has been shown
theoretically, that tunneling through a single QD with well-
separated resonant energies results in a linear material-
independent behavior of the Seebeck coefficient for small
deviations of the chemical potential from a resonant
energy.23

The present paper addresses the effect of the miniband
energy spectrum on the electronic transport characteristics in
a periodic 1D stack of disk-shaped InAs QDs in GaAs,
which can be produced by self-organized anisotropic strain
engineering.24 This method has been successfully applied to
fabricate InGaAs/GaAs QD chains25,26 and seeded 3D arrays
of Ge/Si27 and InGaAs/GaAs28 QDs.

The paper is organized as follows. In Sec. II, we outline
the theoretical approach to calculate the electronic transport
in a periodic 1D stack of QDs. The atomistic and continuum
models of electron minibands used for QD stacks are de-
scribed in Secs. III and IV, respectively. The scattering rate
due to the deformation interaction of electrons with acoustic
phonons is calculated in Sec. V. �The details of the evalua-
tion of the scattering rate are presented in Appendix.� On that
basis, the relaxation time is found as a solution of the Bolt-
zmann transport equation in Sec. VI. Populating the mini-
bands by n-type doping, as discussed in Sec. VII, turns out to
be crucial for exploiting the advantages of the InAs/GaAs
structures. We analyze the behavior of transport coefficients
as a function of the donor concentration in Sec. VIII. Con-
clusions on the geometry-controlled enhancement of thermo-
electric efficiency of stacks of QDs are drawn in Sec. IX.

II. OUTLINE OF THE THEORETICAL APPROACH

We consider a stack of semiconductor QDs embedded in a
host material with larger band gap. For simplicity, flat disk-
shaped QDs with radius R are assumed. The spacer layer
between the QDs is taken to be sufficiently thin to allow for
coherent tunneling, thus leading to the formation of mini-
bands. Our goal is the calculation of the thermoelectric co-
efficients in cross-plane geometry, with the electric current
flowing along the QD stack. Contributions to the current
both from the electronic states bound in the QD, broadened
into minibands, and from the continuum of electronic states

of the host material are taken into account. Electronic trans-
port is treated at the semiclassical level using the Boltzmann
equation solved within the relaxation time approximation.
Following Ashcroft and Mermin,29 the transport coefficients
are computed from the moments L��� of the distribution
function

L��� = �
J

2

A�0

�/dz dkz

2�
�−

� f0

��
���,J�kz�vz,J

2 �kz���J�kz� − ���

+
2

�2��3� d3k�−
� f0

��
���

�1����vz
2�k����k� − ���. �1�

Here, the first integral accounts for miniband transport, while
the second integral accounts for transport in a band con-
tinuum, e.g., in the host conduction bands. The factor 2 in
front of the integrals results from spin degeneracy, J numbers
the minibands, and A=�R2 is the cross-sectional area of the
stack. The �th moment is evaluated using the equilibrium
Fermi distribution function at temperature T,

f0��� = �exp�� − �

kBT
� + 1	−1

.

Here, � is the chemical potential of the electrons, which is
determined from the nature and concentration of dopants
�see Sec. VII�. Each miniband J is characterized by its dis-
persion relation �J�kz�, the resulting group velocity vz,J�kz�
and the relaxation time ��,J�kz�. For the continuum states, the
same quantities are denoted by functions of the three-
dimensional wave vector k or the energy �. The remainder of
this paper is devoted to developing microscopic models for
the miniband dispersion, and to calculating ��,J�kz� 
see Eq.
�16�� and ��

�1���� 
see Eq. �19�� for deformation potential
scattering due to acoustic phonons.

Once the L��� are known, the electric conductivity

� = e2L�0�, �2�

the Seebeck coefficient

S = −
1

eT

L�1�

L�0� , �3�

and the electronic heat conductivity

	e =
1

T
�L�2� −


L�1��2

L�0� � �4�

can be calculated. The dimensionless figure of merit, which
determines the power generation efficiency of a thermoelec-
tric converter,30 is defined as

ZT =
�S2T

	
, �5�

where the thermal conductivity 	=	e+	ph contains both
electron �	e� and lattice �	ph� contributions.

III. ATOMISTIC MODEL OF QUANTUM DOT STACKS

It is interesting to investigate under which conditions QDs
possess quasibound states suitable for thermoelectric trans-
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port, and how the energetic position and width of the mini-
bands derived from these states depend on geometrical and
materials parameters. To learn about these issues, we con-
sider a specific materials system, InAs QDs embedded in a
host of GaAs. We consider an infinitely repeated stack of
disk-shaped quantum dots of radius R=5 nm. For the height
of the InAs cylinders az and for the vertical stacking period
dz, values of 5 �also 7 and 9� and 18 �also 22 and 26� layers
�L� of InAs or GaAs, respectively, have been chosen. For
computational convenience, we employed a geometry that is
periodic in all three dimensions. The period dx=dy
=20.91 nm in the xy plane has been chosen large enough
such that any dispersion of the confined states along x and y
is negligible �
1 meV�. A ‘wetting layer’ of one monolayer
of InAs has been included to model a realistic atomic struc-
ture as it results from self-assembling heteroepitaxy. The pe-
riod dz is determined by the following consideration: Given
the total number of Ga and In atoms in the 3D unit cell, dz
corresponds to the estimated thickness a random-alloy film
of InxGa1−xAs with the same net composition would assume,
if biaxially strained to match the lattice constant of the GaAs
substrate in the x and y directions. Within the, thus, deter-
mined 3D box, the positions of all atoms are elastically re-
laxed, using a classical interatomic potential of Tersoff type.
The parameterization of this potential has been chosen to
match all three elastic constants for both bulk GaAs and
InAs.31

The atomic positions obtained after relaxation are input to
an empirical tight-binding �ETB� calculation of the elec-
tronic structure. Elastically relaxed bond distances and bond
angles enter into the tight-binding Hamiltonian via a param-
eterized distance dependence of the ETB matrix elements
and via the bond-angle dependence of the Slater-Koster fac-
tors, respectively. We use an sp3s� ETB parameterization
with both first and second-nearest-neighbor interactions and
spin-orbit coupling.32 For the offset between the valence
bands of GaAs and InAs, a value of 0.054 eV was used.33

Further details can be found in previous calculations using
the same setup.34,35 The isolated eigenvalues corresponding
to confined electronic states within the band gap of the GaAs
matrix are calculated iteratively, using the “folded-spectrum”
method.36,37 Along the z direction, periodic boundary condi-
tions are employed using Bloch’s theorem.

The InAs QDs display both shallow “holelike” states de-
rived from the valence band, and more strongly bound “elec-
tronlike” states derived from the conduction band. Since we

are interested in n-type conductivity, we discuss only the
electronlike states. For the geometries studied, we usually
find three bound states, except for the stack with the smallest
period, where only two bound states �and one resonant state
in the GaAs conduction band� exist. The single-particle lev-
els are summarized in Table I. The energetic spacing between
the deepest and second-deepest bound state is larger than 90
meV. Consequently, interlevel transitions cannot be mediated
by single-phonon scattering �but possibly by multiphonon or
polaronic transitions�. Along the z-direction, the energy lev-
els are broadened into minibands, with the bandwidth of the
lowest miniband ranging from 60 meV for the thinnest
spacer layer considered �nominally 13 L of GaAs, or 3.57
nm� to 12 meV for QDs separated by a 21 L �5.82 nm�
spacer. Hence the dispersion is sufficiently large to allow for
bandlike transport. Within each miniband, scattering of the
electrons is possible by low-energy acoustic phonons.

IV. EFFECTIVE-MASS MODEL OF QUANTUM
DOT STACKS

In order to efficiently evaluate matrix elements for the
electron-phonon scattering, it is convenient to have a simple
mathematical model of the electron wave functions at hand.
For this purpose, we employ a Kronig-Penney model that
offers a good approximative description of the electronic
confinement potential of stacks of disk-shaped QDs. A useful
approximation is to represent this confinement potential as a
sum of two independent potentials V�� ,z��V���+V�z�, the
first one describing in-plane confinement, and the second one
describing a periodic sequence of quantum wells in z direc-
tion �cf. Ref. 7�. This approximation is shown to be adequate
for the below-the-barrier states in the conduction band of the
QD-superlattices.38 Using Bloch’s theorem, the solution of
the Schrödinger equation can now be written in multiplica-
tive form, ��� ,z�=R���ukz

�z�eikzz. The factors are obtained
by solving two independent equations,

−
2

2mi
�

d2��z�
dz2 + V�z�ukz

�z� = En�kz�ukz
�z� , �6�

−
2

2mi
�1

�

d

d�
��

dR���
d�

	 −
m2

�2 R���� + V���R��,z� = EJR��� ,

�7�

where m is an integer angular momentum quantum number,
mi

�=m1
� is the effective mass at the conduction band edge in

TABLE I. Single-particle energy levels of electronlike states confined in the disk-shaped InAs quantum
dots in GaAs matrix. All energies for the band minima �kz=0� are measured from the valence band top of
�strain-free� GaAs. The energy values in parentheses are the band widths.

dz 18 L 22 L 26 L

dz, nm 5.14 6.26 6.27 7.39 7.39 7.41

az, nm 1.57�5L� 1.57�5L� 2.19�7L� 1.57�5L� 2.19�7L� 2.82�9L�

E1, meV 1224 �60� 1227 �28� 1169 �26� 1226 �13� 1167 �12� 1131 �12�
E2, meV 1314 �48� 1317 �19� 1266 �19� 1317 �11� 1265 �7� 1234 �8�
E3, meV 1390 �49� 1373 �27� 1391 �25� 1372 �16� 1353 �11�
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the QD and mi
�=m2

� is that in the barrier. For an InAs 
m1
�

=0.022me �Ref. 39�� QD in GaAs 
m2
�=0.0655me �Ref. 39��,

the interface band offset is estimated to be V0=1.030 eV for
the conduction band and V0,vb=0.054 eV for the valence
band �in line with Ref. 33�. The miniband dispersion in the
stack of QDs is obtained as

�J,n�kz� = En�kz� + EJ. �8�

The results of the Kronig-Penney model �see, e.g., Ref. 40�
are in a qualitative agreement with the band energies ob-
tained from the tight-binding model, though the former can
account for the strain effect only via a modification of the
model parameters. For the further calculation of the transport
coefficients, we renormalize the minibands obtained within
the Kronig-Penney model by adjusting the energy values at
the center and at the edge of the first Brillouin zone to those
obtained using the tight-binding approach. The resulting
renormalized bands are shown in Fig. 1.

For the dispersion of the continuum states in the host, we
use a parabolic approximation,

k =�2m̃

2 �� − V0c� . �9�

with a geometry-averaged effective mass m̃ and the conduc-
tion band minimum of the GaAs host V0c=1.444 eV �mea-
sured relative to the valence band maximum�.

V. PHONON SCATTERING RATE

Acoustic phonons in the QD stack are treated within the
continuum elasticity theory41 of an effective medium. The
velocity of sound is obtained as

vL =
dz

az

vInAs
+

bz

vGaAs

. �10�

with the sound velocities vInAs=3.83 km /s and vGaAs
=4.73 km /s �Ref. 39�. To check the validity of the effective
medium approach, we additionally calculated the dispersion

curves using the Rytov’s dispersion relations �p. 73 of Ref.
42�. Small deviations of the model of an effective medium
from the rigorous results occur only in close vicinity to the
center and the boundary of the first Brillouin zone. An ex-
plicit calculation of the dispersion relation ��q� for acoustic
phonons reveals that the effective medium approximation
can be applied with a good accuracy. The Hamiltonian of the
deformation electron-phonon interaction is

He−ph = iac�
q
� 

2V���q�
q�aqeiq·r − aq

†e−iq·r� , �11�

where ac in the deformation potential, � is the mass density
and V=SL is the volume of the crystal, S is its cross-
sectional area in the xy-plane and L=Ndz is its height along
the z axis. Both the mass density � and the deformation
potential for the effective medium are calculated as
geometry-weighted averages from the quantities of the pure
materials, using �InAs=5.6678�103 kg /m3, �GaAs=5.3175
�103 kg /m3, ac,InAs=−10.2 eV, and ac,GaAs=−11.0 eV
adopted from literature.39

We consider intersubband transitions in miniband J as-
sisted by acoustic phonons: ��q�=vLq with the effective
sound velocity given by Eq. �10�. The transition probability
rate is represented in the form

W�J,kz → J�,kz�� = W+�J,kz → J�,kz�� + W−�J,kz → J�,kz�� .

For the phonon occupation factors entering W the high-
temperature approximation is used,

Nq =
1

exp�vLq

kBT
� − 1

�
kBT

vLq
� Nq + 1.

The detailed calculation of contributions due to the processes
with absorption �W+� and emission �W−� of a phonon is de-
scribed in the Appendix.

VI. RELAXATION TIME

The transport properties of the stack of QDs are analyzed
using the Boltzmann transport equation.29,43 Comparing the
terms linear in the electric field or the temperature gradient
�T in the both sides of the Boltzmann transport equation, we
get an integral equation with respect to the relaxation time
�i���� ,n��

1 = �
k�� kz�

W�k�,kz → k�� ,kz��

���i���,kz� −
vi�k�� ,kz��
vi�k�,kz�

�i���� ,kz��	
�

1 − f0����
1 − f0���

. �12�

We have shown, that with a high accuracy the dispersion of
the relaxation time in the integrand can be neglected. In this
case one obtains an approximate solution of the Eq. �12�:
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FIG. 1. �Color online� The renormalized minibands in a stack of
InAs/GaAs QDs with geometrical parameters indicated in the inset.
The valence band top of GaAs is taken as the zero of the energy
scale. A dash-dot-dotted �green� line represents the position of the
barrier.
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�i
�1����,n� � �

k�n�

W�k,n → k�,n��

��1 −
vi�k�,n��
vi�k,n� 	1 − f0����

1 − f0��� �−1

.

We consider further the transport along the z axis in each
miniband separately, so that i=3 and

vz,J�kz� =
1



��J,n�kz�
�kz

. �13�

As shown by our numerical calculation, for room tempera-
ture the relaxation time can be accurately found from the
equation for a nondegenerate semiconductor 
f0����1�:

1 = �
kz�

W�kz → kz�����,J�kz� −
vz,J�kz��
vz,J�kz�

��,J�kz��	,

kz =
�

d

m

N
, m = − N/2, . . . ,N/2. �14�

In what follows, we use the energy-independent relaxation
time for a quantum well of width az given by �5� of Ref. 44

�QW =
2az

3�vL
2

3m̃ac
2kBT

�15�

to define a dimensionless quantity for each miniband J:

��,J�kz� = �̃�,J�kz��QW.

The resulting integral equation, after inserting Eqs. �A2� and
�A3� and summation over qz, is

1 =
1

2�

a

3m̃vL
2�

−�/dz

�/dz

dkz� �
n=−�

�

�Cn�kz�,kz��2 � ��MJJ„q�0
+ �kz� − kz

+ 2�n/dz�…�2��kz�
− �kz

����kz�
− �kz

��„�q�0
+ �2

…

+ �MJJ„q�0
− �kz� − kz + 2�n/dz�…�2��kz�

− �kz
���− �kz�

+ �kz
��„�q�0

− �2
…� � ��̃�,J�kz� −

vz�kz��
vz�kz�

�̃�,J�kz��	 , �16�

where ���� is a Heaviside step function.
The relaxation time for three minibands in a QD stack

resulting from the numerical solution of the integral Eq. �16�
is plotted in Fig. 2, revealing a strong variation as a function
of kz. It behaves similarly for the first and second minibands,
being somewhat larger for the second. The third miniband,
formed from states with a much weaker confinement than
that for the first and second minibands, shows a larger band
dispersion and a much larger relaxation time. The very pro-
nounced structure as a function of kz is due to the interplay
between the conditions of the non-vanishing contributions of
the phonon-assisted processes to the probability rate from
Eq. �A5� and �A8�. By the same reasons the relaxation time
for the first two minibands shows small kinks in the range
from 0.1 to 0.4 nm−1. A widely used approximation of a
constant relaxation time is not adequate for a stack for semi-
conductor QDs. The rise of the relaxation time toward the

boundaries of the Brillouin zone, as seen in Fig. 2, is a com-
mon feature for all QD geometries investigated.

For the states in the continuum of the host material, scat-
tering by acoustic phonons is less critical. In this case, an
approximative solution of the Eq. �12� can be obtained by
neglecting the dispersion of the relaxation time in the inte-
grand,

1

�i
�1����

� �
k�

W�k → k���1 −
vi�k��
vi�k� 	1 − f0����

1 − f0���
. �17�

We consider further the transport along the z axis, so that i
=3 and

vz�k� =
1



���k�
�kz

=
kz

m̃
.

The relaxation time given by Eq. �17� in a nondegenerate
semiconductor 
f0�� ,n��1� acquires the form:

1

��
�1����

� �
k�

W�k → k���1 −
kz�

kz
	 . �18�

Following,43 we find

��
�1���� �

��4vL
2

�2m̃3/2ac
2kBT

1
�� − V0c

. �19�
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FIG. 2. �Color online� The relaxation time for two minibands in
a stack of InAs/GaAs QDs with geometrical parameters indicated in
the inset. �QW is a constant relaxation time for a quantum well of
width az of Ref. 44.
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VII. DOPING

While nanostructuring enables one to tailor a material
with a highly structured density of states �DOS�, population
of these states by doping is crucial to obtain good thermo-
electric performance. The amount of charge carriers intro-
duced by doping determines where the chemical potential is
located within the highly structured DOS. For the InAs/GaAs
system, we consider n-type doping with a concentration nD
of donor impurities possessing the charge transfer energy
level �D. The position of the chemical potential � is deter-
mined implicitly by the condition of neutrality in the form

n + nD� = nD. �20�

In our model comprising both minibands and continuum
states, the total conduction electron density n is the sum of
both contributions,

n��� = �
J,n

2

�A�0

�/dz

dkzf0��J,n�kz��

+
�2m̃3/2

�23 �
V0c

�

�� − V0cf0���d� ,

where the dependence on � enters via the Fermi distribution
function f0. nD� is the concentration of electrons occupying
donor levels. In equilibrium, it can be represented as 
cf. Eq.
�28.32� of Ref. 29�

nD� ��� =
nD

1

g
exp��D − �

kBT
� + 1

, �21�

where g=2 is the degeneracy factor for the donor state. Sub-
stituting Eq. �21� into Eq. �20�, we find the electroneutrality
condition in the form

n��� = nD
1

g exp�� − �D

kBT
� + 1

. �22�

The relation between n and nD is evaluated numerically,
assuming shallow donors, i.e., �D=1.434 eV close to the
conduction band minimum V0c=1.444 eV. By monitoring
separately the occupation of each miniband, we show that,
for experimentally relevant donor concentrations, the number
of electrons in a QD is less than or of the order of unity. This
ensures that the on-site repulsion of electrons in the same QD
can be safely neglected.

VIII. RESULTS

As shown previously,46 the electric conductivities for
minibands, calculated according to Eq. �2�, reveal peaks at
such values of the chemical potential � �and, correspond-
ingly, of the donor concentration�, where � lies inside a
miniband. With increasing temperature, those peaks get
smaller and broader.

Here, we present results as a function of the doping con-
centration, using a model that includes both the minibands

and the continuum of the host conduction band. Therefore,
miniband features in the conductivity are noticeable only in
certain ranges of doping and temperature. For example, for a
stack with az=1.566 nm and dz=6.26 nm, only one peak at
nD�1.5�1025 m−3 persists in the presence of a continuum

Fig. 3�a��, which is mainly due to the third miniband. This
peak visible at T=100 K sits at the foot of the continuum-
determined increase which dominates at higher doping con-
centrations. The peak in � is significantly reduced when the
temperature increases up to 200 K, and disappears when the
temperature further rises up to 300 K. The behavior of the
electron heat conductivity 	e obtained from Eq. �4� is quali-
tatively similar to the electric conductivity 
see Fig. 3�b��.
The peak in 	e due to the minibands has its maximum at
nD�5�1025 m−3, i.e., at somewhat higher doping concen-
trations, and is significantly broader than a peak of the elec-
tric conductivity. The continuum-determined rise in the elec-
tron heat conductivity dominates its behavior with increasing
donor concentration.

Next, we discuss the Seebeck coefficient obtained from
Eq. �3�. At low temperatures �T=100 K�, it changes sign
four times: The first zero of S at nD�2�1024 m−3 occurs
when the Fermi energy reaches the center of the first mini-
band. The second zero of S at nD�3�1024 m−3 corresponds
to the Fermi level lying in between the first and the second
minibands: In this case, both minibands are partially occu-
pied and thus contribute to the transport, but the “holes” in
the first miniband and the electrons in the second miniband
contribute to S with opposite sign. When the Fermi energy
reaches the center of the second miniband, one might expect

0.0

5.0x10
5

1.0x10
6

1.5x10
6

T = 100 K

T = 200 K

T = 300 K

a
z
= 1.566 nm

d
z
= 6.26 nm

�
(�

-1
m

)
- 1

(a)

1x10
23

1x10
24

1x10
25

1x10
26

1x10
27

0

2

4

6

8

10

T = 100 K

T = 200 K

T = 300 K

a
z
= 1.566 nm

d
z
= 6.26 nm

�
e
(W

m
-1

K
)

-1

n
D

(m )
-3

(b)

FIG. 3. �Color online� The electric conductivity �a� and the elec-
tron heat conductivity �b� in a stack of InAs/GaAs QDs taking into
account a continuum of states.
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another zero of the Seebeck coefficient, but the situation is
more complex due to the closeness of the third miniband and
the continuum: After a minimum of S at nD�4�1024 m−3, a
maximum of S emerges at nD�5�1024 m−3. A deep mini-
mum of S at nD�0.8�1025 m−3 corresponds to the Fermi
level reaching the bottom of the third miniband. The third
zero at nD�1.5�1025 m−3 occurs when the Fermi energy
reaches the center of the third miniband: just at this value of
the concentration the electric conductivity has it maximum

see Fig. 3�a��. The fourth zero of S at nD�4�1025 m−3

reflects the emerging dominance of continuum states. At
higher temperatures, the miniband structure in S is progres-
sively shifted to lower concentrations �away from a con-
tinuum� and washed out. At T=200 and 300 K, S reveals
only one minimum at nD�4�1024 m−3 and a very shallow
minimum at nD�3�1024 m−3, respectively. At 300 K and
above, all minibands remain less than half-filled. In this situ-
ation, S is negative and displays a linear increase over some
ranges of doping concentration, a behavior known from
n-doped bulk semiconductors. However, the effects of nano-
structuring on the band structure are strong enough to result
in notable features in S at lower temperatures �T�200 K�.
Consequently, at T=100 K the power factor 
Fig. 4�b�� re-
veals a structure with two peaks at nD�0.8�1025 m−3 and
nD�2�1025 m−3 due to minibands and a broad common
peak due to continuum states with a maximum at much
higher concentrations, nD�5�1026 m−3. It is noteworthy
that the first prominent peak due to the miniband is of com-
parable height with the peak due to the continuum. The ana-
lyzed features of the power factor translate into similar struc-
tures in the figure-of-merit, as discussed below. With
increasing temperature up to T=200 K and then to T

=300 K the first peak starts to broaden and then develops
into a shoulder on the larger, continuum-determined peak.

Previously, we showed that our model of the QD stack
yields very high values of the figure-of-merit if the phonon
contribution to the thermal conductivity is disregarded.46

From the literature, one finds that the overall thermal con-
ductivity of QD stacks may well be below 1 W / �m K� �Ref.
14�, and even values of the phonon heat conductivity as low
as 	ph�0.1 W / �m K� are theoretically predicted for nano-
wires �Ref. 45�. Tentatively, we use 	ph=0.5 W / �m K� in
addition to 	el in the following estimates. Then 	ph domi-
nates over 	el 
as calculated from Eq. �4�� as long as nD
�1�1025 m−3, cf. Figure 3�b�. The figure-of-merit ZT as a
function of the donor concentration obtained from Eq. �5� is
plotted in Figs. 5�a�–5�c�. For a short-period stack �with dz
=5.142 nm�, ZT displays a broad maximum as a function of
nD; on this background the contributions from the minibands
are hidden. With increasing nD, the increase in the number of
electronic carriers in the host conduction band is responsible
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FIG. 4. �Color online� The Seebeck coefficient �a� and the
power factor �b� in a stack of InAs/GaAs QDs taking into account a
continuum of states.
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for the initial rise of ZT. For high temperatures and very high
values of nD, ZT drops again due to the electronic contribu-
tion to the thermal conductivity rising more steeply than the
electrical conductivity at T=300 K, cf. Figure 3. This results
in the continuum-determined peak, e.g., seen at nD�3
�1025 m−3 for T=300 K in Fig. 5�a�. For stacks with a
larger period �with dz=6.26 nm and dz=7.391 nm�, our cal-
culation reveals certain windows of enhanced thermoelectric
efficiency due to the minibands, where the figure-of-merit
achieves the values �1 �at nD�1�1025 m−3� for dz
=6.26 nm and �2 �at nD�4�1024 m−3 and nD�6
�1024 m−3� for dz=7.391 nm. These optimum values of the
donor concentration are a function of geometrical parameters
of the QD stack. With rising temperature, the above features
of the figure-of-merit are broadened. However, the peaks due
to the first miniband remain prominent up to T=300 K.

For taller QDs that support more deeply bound states and
a larger number of minibands, the contributions of the high-
est miniband and of the continuum to the figure-of-merit
merge into a single peak �Fig. 6�. When increasing the height
of the QD to az=2.193 nm 
Fig. 6�a� and 6�b�� and to az
=2.8185 nm 
Fig. 6�c��, the peak structure due to the lowest
miniband is visible only at low temperature �T=100 K�, and
is small compared to the continuum peak. At higher tempera-
ture, the effect of the minibands shows up as a shoulder of
the continuum peak, leading to a sharp rise of ZT around
nD�1025 m−3.

In summary, we expect an advantage in the figure-of-
merit for QD stacks over bulk material in an intermediate
regime where the minibands contribute significantly to the
electric conductivity, while the corresponding contribution of
the electrons to the heat conduction is still low. For the stud-
ied sample geometries, this regime corresponds to a doping
concentration of nD�1025 m−3. Assuming a sufficiently low
lattice contribution to the thermal conductivity, ZT values in
excess of unity can be reached. For a given height of the
QDs of less than 2 nm, the figure-of-merit shows sharp peaks
at specific values of nD if the QDs are separated by a spacer
layer of about 5 nm or more, whereas the miniband features
remain hidden for thinner spacer layers or taller QDs. In the
latter case, the effect of nanostructuring shows up as an en-
hancement of ZT right at the onset of the host conduction
band �corresponding to nD�1.5�1025 m−3 in the present
case�. Comparing samples with the same stacking period of
7.4 nm 
Figs. 6�b� and 6�c��, we find that this enhancement
yields a ZT value of about 2.7 at room temperature, and is
rather insensitive to QD height.

IX. CONCLUSION

An approach has been elaborated for numerical calcula-
tion of the electron dispersion, the transport relaxation time
and the transport coefficients in a 1D stack of disk-shaped
InAs/GaAs QDs. By calculating the relaxation time for
acoustic-phonon scattering explicitly, we show that the popu-
lar approximation of a constant relaxation time is not ad-
equate for cross-plane transport through a stack for semicon-
ductor QDs. From the numerical analysis of the electric and
thermal conductivities, the Seebeck coefficient and the

figure-of-merit, we conclude that electronic signatures of
nanostructuring should be detectable in the thermoelectric
response of a 1D stack of QDs. For judiciously chosen val-
ues of the donor concentration, depending on the geometrical
parameters of the QD superlattice, the thermoelectric power
factor is strongly enhanced. Hence a QD superlattice exem-
plifies a materials system whose efficiency as a thermoelec-
tric converter is controlled by its geometry on the nanoscale.
The thermoelectric figure-of-merit as a function of the donor
concentration reflects the miniband electron energy spectrum
of the QD stack, and thus can be used as an experimental
fingerprint of its electronic structure. This method should
work best for low temperatures and flat QDs. The highest
values of ZT are reached for QDs separated by very thin
spacer layers, when the miniband features in transport merge
with the background due to the conduction band of the host
material. For the material system studied, InAs QDs in
GaAs, the predicted figure-of-merit achieves, at optimal ar-
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chitecture of the stack, maximal values of �2.7, assuming
values of the phonon heat conductivity 	ph�0.5 W / �m K�,
i.e., close to those presently reported. Our results imply that
for technical exploitation of QD superlattices as thermoelec-
tric converters choosing the optimal architecture and doping
concentration is of paramount importance.
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APPENDIX: EVALUATION OF THE SCATTERING RATE
FOR THE ACOUSTIC PHONON SCATTERING

WITHIN A MINIBAND

The basis wave functions

�J,kz,Nq� = �J���
eikzz

�N
ukz

�z��Nq� �A1�

are characterized by the quantum number J of the transverse
motion, the wave vector kz, the Bloch function ukz

�z� and the
occupation number of phonons Nq. The contributions due to
the processes with absorption �W+� and emission �W−� of a
phonon are as follows:

W+�kz → kz�� =
1

2�
� q�dq��

qz

�ac
2kT

L�vL
2 �MJJ�q���2���kz�

− �kz

− vL
�q�

2 + qz
2� � �

n=−�

�

�Cn�kz�,kz��2�kz�,kz+qz−2�n/dz
,

�A2�

W−�kz → kz�� =
1

2�
� q�dq��

qz

�ac
2kT

L�vL
2 �MJJ�q���2���kz�

− �kz

+ vL
�q�

2 + qz
2� � �

n=−�

�

�Cn�kz�,kz��2�kz�,kz−qz−2�n/dz
.

�A3�

Here the overlap integral for the in-plane motion is

MJ�J�q�� =� d2��J�
� ���eiq�·��J���, q = �q�

2 + qz
2,

while the overlap integral of the Bloch functions is

Cn�kz�,kz� = �
−bz

az

dz� exp�− i
2�n

dz
z��ukz�

� �z��ukz
�z�� .

The sum over n in Eqs. �A2� and �A3� reflects the “Floquet
sidebands” owing to the periodicity of the Bloch functions
with a period dz:

ukz�
� �z�ukz

�z� = �
n=−�

�

exp�i
2�n

dz
z� 1

dz
Cn�kz�,kz� . �A4�

The integrations over q� Eqs. �A2� and �A3� are per-
formed analytically. The nonvanishing contributions to the
integral over q� occur when two conditions are satisfied for
W+:

�kz�
− �kz

� 0; �A5�

�q�0
+ �qz��2 � ��kz�

− �kz

vL
�2

− qz
2 � 0 �A6�

and two conditions for W−:

�kz�
− �kz

� 0; �A7�

�q�0
− �qz��2 � ��kz�

− �kz

vL
�2

− qz
2 � 0. �A8�

These conditions reflect the conservation of energy in the
course of the phonon-assisted transitions.
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